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1. Introduction

Hitting probability is an active field of probability potential theory. Generally speaking, for an R9-
valued random field X = {X(x), x € R™}, its hitting probability concerns the lower and upper bounds
of P{X(I)N A # @}, where I ¢ R™ is a fixed compact set with positive Lebesgue measure, and A c R
is a Borel set. In this setting, a Borel set A C R is called polar for X if P{X(I)NA # ¢} = 0; otherwise,
A is called nonpolar. When X is the solution of a system of SPDEs, the hitting probability of X has
been studied extensively (see e.g., [6-12,18,22-24]), which is usually bounded by the Bessel-Riesz
capacity and Hausdorff measure of A (see [19, Appendix C] or subsection 2.3 for the definitions),
namely,

cCapg_q (A) = P{X(I)NA#P} < CHg_q (A), (1)

for some Q >0 and c¢,C > 0. It is well known that the critical dimension Q (see e.g., [9,13]) is an
important parameter that is highly related to the polarity of a Borel set A. When X is approximated by
a perturbation, particularly by a numerical solution provided that X is the exact solution of a system
of SPDEs, a natural question is what are the influence of the perturbation on critical dimensions of
hitting probabilities. To the best of our knowledge, there is no result on this problem.

In this paper, we investigate the influence on hitting probabilities of numerical discretizations for
the following system of linear stochastic parabolic equations

deul (¢, %) — Bt (£, %) = Wi(t, ),
ul(t,00=ul(t,1)=0, t>0, ()
ul(0,x) =0, xe[0,1],

for j=1,...,d, where u(t,x) = u'(t,x),...,uM(t, x)), and {W*};_; 4 are d independent Brownian
sheets on some filtered probability space (2, .7, {%}t>0, P). The hitting probabilities of the exact
solution for system (2) are well established by [1,7], which suggest that the critical dimensions in
time and space directions are respectively 4 and 2, that is for any bounded Borel set A in R¢,

cCapg_4(A) =P {u([To, T] x {x}) N A # 0} < CHG_4(A),
cCapg_(A) <Pf{u({t} x [, 1 —€])NA#M} < CHG_»(A).

Here and after, To € (0, T), € € (O, %) are fixed numbers, and ¢, C are generic positive constants that
may differ from one place to another. Numerical approximations of stochastic parabolic equations
have been studied extensively, which converge to exact solutions in some sense (see e.g., [3,4,17]),
but may reflect new and interesting properties, see [5] for the effect of the length of the time-steps
on the quadratic and quartic variations, see [2] for the influence of regularity of the test function
on weak convergence of numerical solutions. The main result of this paper reveals that the critical
dimensions of both temporal and spatial semi-discretizations considered in Section 2 are halves of
those of the exact solution. This indicates that there exist some Borel sets A such that the probability
of the event that the paths of the numerical solution hit A cannot converge to that of the exact
solution. This property may be linked to the regularity of trajectories (see e.g. [5]).

For the spatial semi-discretization of system (2), we introduce the finite difference method (FDM)
and the spectral Galerkin method (SGM), and formulate the corresponding numerical solutions
ul-N(t,x) as stochastic integrals associated with discrete Green functions. For FDM, the associated
numerical solution {u?"N(t, x); x € (x;, xi411} is the linear interpolation of uiN(¢t, x;) and ulN(t, xi1).
We find that for any fixed space grid point x; =i/N € [¢,1—¢€], UN(t,x) = (u'N(t, x)), ..., udN(t, x))
given by FDM is Holder continuous with respect to t € [To, T] with the optimal Hélder exponent %
which is crucial to conclude that the critical dimension associated to the time direction of FDM is 2.
More precisely, for any bounded Borel set A in RY,

cCapg_o(A) =P {UN(To. T x (xi) NA #0) < Ca 2(A),
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which can also be extended to the case of SGM. By noticing that UN(t, x) based on SGM is still a two-
variable random field indexed by (t, x) € [0, c0) x [0, 1], we further investigate its critical dimension
in space direction. The main difficulty lies in establishing lower bounds for the Holder continuity and
conditional variance in terms of the associated canonical metric |x — y|, which is overcome by refined
estimates of the discrete Green function. These yield that the critical dimension associated to the
space direction of SGM is 1, i.e., for any bounded Borel set A in RY,

cCapg_1 (M) <P [UN() x [e,1— €D N A £} < CH1 (A).

This property may not be extended to the numerical approximation given by FDM whose trajecto-
ries [0,1] 2 x — UN(t, x) are piecewise linear, since it is a challenge to obtain the lower bound of
conditional variance in terms of the associated canonical metric |x — y|.

For the temporal semi-discretization of system (2), we apply the exponential Euler method (EEM)
with time stepsize 1/M, M € N_.. For any fixed time grid point t; = ﬁ € [To, T], the numerical so-
lution Up(tj,-) of EEM is smoother than the exact solution since the temporal discretization avoids
the treatment of the singularity of the Green function G(x, y) near t = 0. Actually, making use of
this property, we show that U (t;j, ) is Lipschitz continuous with respect to x € [€,1—€], and 1 is
exactly the optimal Hoélder exponent. As a consequence, the critical dimension associated to the space
direction of EEM is also 1:

cCapg_1(A) <P {Unm({tj} x [e,1 - € NA#B} < Cta_1(A),

for any bounded Borel set A in RY. For the continuous EEM numerical solution Up(t,x), we can
only obtain the upper bound of hitting probabilities in time direction in terms of Hausdorff measure
since Up(t, x) is smoother in every subinterval (t;, ti+1) than in grid points. It is worth mentioning
that different from the infinite dimensional case, the continuous EEM numerical solution for the sys-
tem of finite dimensional Ornstein-Uhlenbeck equations preserves the critical dimension of the exact
solution of the original system.

The rest of this paper is organized as follows. Section 2 states some preliminaries, including the
model, numerical discretizations, and hitting probabilities of the exact solution. Our main results on
the upper and lower bounds for hitting probabilities of semi-discretizations are presented in sub-
section 2.4. Detailed proofs of main results are postponed to Section 3. Section 4 compares the
continuous version of the time discretization for system (2) and that of a system of finite dimen-
sional Ornstein-Uhlenbeck equations.

2. Preliminaries and main results

In this section, we introduce the model and its numerical discretizations, and present main results
on hitting probabilities of numerical discretizations.

2.1. The model

Consider the following linear stochastic parabolic equation:
dv(t,x) — dxv (L, X) = W (L, x),
v(t,0)=v(,1)=0, t>0, (3)
v(0,x) =0, xe[0,1],

where W is a Brownian sheet on [0, co) x [0, 1]. Then

t 1
v(t,x)=//Gt_r(x, )W (dr,dz), (t,x) €[0,00) x [0, 1],
0 0
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and the components u/, j=1,...,d, in (2) are independent copies of v. Here, the Green function G
has the expression

Gix.y) =Y e Flemeny) (4)
k=1

with ey (x) = +/2sin(kzrx), k > 1. We recall another equivalent formulation

1 = _ x—y—2m)2 _ (xy—2m)2
Ge(x,y) = Jant Z e o —e a .
n=—oo

x—y)2
Let P¢(x,y) = «/%mei( + be the heat kernel on R. We remark that
Ge(x,y) < Pe(x, ), (5)

and for every 0 <€ < 1,

52
Ge(x,y) = (1 —2e" T)Pe(x,y), x,ycl€, 1 —€] (6)

(see e.g. [16, Lemmas 3.1 and 3.3] for their proofs). We also need the following lower bound of the
Green function, whose proof is postponed to Appendix A.1.

Lemma 2.1. For any € € (0, %), there exists C := C(e, T) > 0 such that

Gi(x,x)>Ct™7, Vxele,1—¢], te(0,T].
2.2. Numerical methods

In this part, we introduce some spatial and temporal discretizations for the linear stochastic
parabolic system (2).

2.2.1. Spatial discretizations
For spatial discretizations of (2), we introduce the finite difference method and the spectral
Galerkin method. Their numerical solutions can be written as

t 1
vN(t,x)=//Gf’_r(x, 2)W (dr, dz), (t,x) € (0, 00) x [0, 1], (7)
00

where GV is given in (10) for FDM and in (12) for SGM. The associated numerical solution to (2) is
denoted by

UM, x) = "N, x), ... ut N, X)), (8)

where u/N(t, x) are generated via replacing W in (7) by W/, j=1,...,d. For N > 2, denote Zy :=
1,...,N—1}.

Finite difference method: Using the central difference, the finite difference method of (3) is proposed
in [17]. For every integer N > 2, the associated numerical solution vN(t, x) is constructed as follows.
Let {vN(t, £)}kezy solve

k+1

! ! k—1
dve, %) =N?2 (VN(t, y —2vN(e, %)+v”(t, T)> dt

k+1 k
+ Nd <W(t, N ) — Wi, N)) ,

4
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vN(o, %):0, vNit,00=vN, 1) =0. (9)

For x € [%, "%), vN(t, x) is defined by the polygonal approximation

N _ N K _ N KET10 N, K
vi(t,x):=v (t,N)+(Nx k)<v (t, N )—vVv (t,N)>.

By introducing v (t) := vV (¢, %) and BY(t) := VN (W(t, L) wie, ’ﬁ)), we rewrite (9) as
N-1
dvy () =N* Y Dyv} ()dt + vNdBY (0),
i=1
Ny — _
v, (0)=0, k=1,...,N—-1,

where D = (Dy;) is a square matrix of size N — 1 with Dy, = —2, Dy; =1 for |k —i| =1, and Dy; =0
for |k —i| > 1. The vectors f1,... fn—1 defined by f; = (fj(1),..., fj(N — 1)) T with

fj(k)z\/%sin(j%ﬂ), k=1,...,N—1

form an orthonormal basis of RN—1, which are also eigenvectors of N2D corresponding to the eigen-
values {—4N? sin? (ﬁn) , j=1,..., N —1}. By the variation of constant formula, the solution of (9)

is
t 1
vN(t,x,-)=//
00

where x; := ﬁ t >0, and knN(2) := MNZJ with [-] being the floor function (see e.g. [17, formula (2.7)]

with f =0 and o = 1). We remark that —k?72 < —4N?sin? <%7r < —4k? Vke Zyn and N > 2.

By the polygonal interpolation, we obtain the continuous numerical solution (7) of FDM, where the
associated discrete Green function is

N-1

Z exp (—4N2 sin? (%n) (t — r)) ex(xper(kn(2)W(dr, dz),

k=1

N—-1
. k
GMx,y) = k; exp <—4N2 sin? <ﬁn> t) el ek (kN (¥)) (10)
with
1
ey (%) :=ex (kn () + N(x — kn (%)) [ek (KN(X) + N) — ey (KN(X))] , x€[0,1]. (11)

Spectral Galerkin method: The spectral Galerkin approximation for (3) is studied in [20] by rewriting
(3) as an infinite dimensional stochastic evolution equation

dv(t) = Av(t)dt +dV¢, v(0) =0,

where A is the Dirichlet Laplacian, and V; = > 72, B(t)ey is some cylindrical Wiener process
on H:=1%(0,1) with {B(t),t > 0}x>1 being a sequence of independent Brownian motions on
(R, .7, {%t}t>0. P). Define the finite dimensional subspace Hy := span{ey, k € Zy} of H, and the
projection operator Py : H — Hy by Pyh = ZLV;]] (ex, h)gex, h € H. Then by [20, subsection 3.1],
the spectral Galerkin approximation for (3) in Hy is to find an {%;}-adapted Hy-valued process
vN = {vN,t > 0} such that

N-1
dv)N = PyAvide + Z exdBi(t), vy =0,
k=1
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which is equivalent to a system of stochastic differential equations:
d(vi', ex)n = —k* (v, e) ndt +dBr(®), (vg.ex)n =0, k€ Zy.

Noticing lej:_]l (v{\’, ex)nex(x) = vN(¢t, x) in distribution sense, one can verify that

t 1
v”(t,x)://cgv_r(x, 2)W(dr, dz), (t,x) € (0, 00) x [0, 1],
00

where the discrete heat kernel associated to SGM is
N—1

Gl (x, y) =Y exp(—k*mt)ep(X)ex (y). (12)
k=1

2.2.2. Temporal discretization
Introducing a time stepsize §t = 1/M, M € N, the numerical solution of the exponential Euler
method for (3) is given by vy (tg, x) =0,

1

ti 1
vM(ti,X)=/Gat(x, 2)vm(ti—1, 2)dz + f /Gar(x, )W (dr, dz),
0 ti1 0

where t; =i8t, i € N,. Hence, for i e N,

ti 1
vM(t,-,x)://Gti,[éw(x,z)W(dr, dz). (13)
00

The associated numerical solution of system (2) is denoted by

Um(ti, %) = (uhy(ti, %), ..., uly (6, %)), i € Ny, (14)
where u{;/,(ti,x) is generated by replacing W in (13) by W/ for je{1,...,d}.
2.3. Hitting probability

Given two random variables X and Y, we denote VarX := E|X — EX|?, Cov(X,Y) := E[(X —

EX)(Y —IEY)], and Corr(X,Y) := % For any Borel set F ¢ R, define P(F) to be the set of

all probability measures with compact support in F. For it € P(R9) and 8 € R, let I g(0) denote the
B-dimensional energy of u, ie.,

Ig(p) = /f Kg(llx — ylDudx)u(dy),

where |x|| denotes the Euclidean norm of x € RY, and

=, if >0,
Kg(r):={ log(:55), ifg=0,
1, if  <0.

For any B € R and a Borel set F c RY, Capg(F) denotes the f-dimensional Bessel-Riesz capacity of
F, that is,

-1
Capg(F) := Leig{m I,s(u)] ,
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where 1/00:=0. Given 8 > 0, the g-dimensional Hausdorff measure of F is defined by

oo oo
3(F) = lim inf 2r)P L F c B (xj,ri),supri<e&y,
3(F) Rare {IXI:( i) U (i, 17) Pri =

et i>1

where B(x, 1) denotes the open Euclidean ball of radius r > 0 centered at x € RY. When 8 <0, 3 (F)
is defined to be infinite. We refer to [19, Appendix C] for more details about the Bessel-Riesz capacity
and the Hausdorff measure.

Based on the Bessel-Riesz capacity and Hausdorff measure, we present the lower and upper
bounds for hitting probabilities of the exact solution of (2), which is shown in [7, Theorem 4.6 &
Remark 4.7] (see also [1, Section 4]).

Proposition 2.2. [7] Let u(t, x) = (u' (t, x), . .., u’(t, x)) be the exact solution of (2). Fix L > 0 and 0 < € < 1.
Then there exist C; = Ci(To, T,d,€,L), i=1,...,6, such that for any Borel set A C [—L, L]d,

C1Capg_g(A) <P {u([To, T] x [€,1 —€]) NA# 0} < C2.75_6(A),

C3Capg_(A) <P {u({t} x [e,1 — €] NAF#I} < Catg_2(A),

Cs Capg_4(A) < P {u([To, T] x {x}) N A # 0} < Ce5_4(A),

wheret € [To, Tlandx € [€,1 —€].
2.4. Main results

The inequality (1) gives lots of information about hitting probabilities for the case of d # Q. In
particular, if a random field X satisfies (1) with the critical dimension Q, then points are polar for X
when d > Q, and are nonpolar for X when d < Q. In this part, we state our main results of this paper
in Theorems 2.3, 2.4, and 2.5 for FDM, SGM, and EEM, respectively, which can be summarized as fol-
lows: for a fixed stepsize, the critical dimensions of both temporal and spatial semi-discretizations are
halves of those of the exact solution. Since the stepsize is specified in advance, the generic constants
C; in Theorems 2.3, 2.4, and 2.5 are allowed to depend on the partition parameter N or M. We first
give the hitting probabilities of the spatial semi-discretization of FDM in time direction.

Theorem 2.3. Let 0 < € < % and UN(t, x) defined in (8) be the numerical solution of FDM for system (2). Fix
L > 0. Then for sufficiently large N, there exist C; = C;(N, L, €, To, T,d), i =1, 2, such that for any Borel set
AcCI-L, L},

C1Capg_(A) =P {UN(To. TI x (x) N A% 0] = Co 5 2(A),
wherex € [e, 1 —€].

Theorem 2.3 can be extended to the case of SGM. In addition, the numerical solution based on
SGM is still a continuous Gaussian random field indexed by (t, x) € [0, c0) x [0, 1], hence we further
investigate its hitting probabilities in space direction.

Theorem 2.4.Let 0 < € < % and UN(t, x) defined in (8) be the numerical solution of SGM for system (2). Fix
L > 0. Then for sufficiently large N, there exist C; = C;(N, L, €, To, T,d), i =1, 2, 3, 4, such that for all Borel
set AcC[—L, L)%,

Ci1Capg_1(A) <P {UN({t} x[e,T—€])NA sé@] = Qg1 (A), (15)
C3Capy»(A) <P {UN([TO» TIx{xhNA# Q)} = Qg2 (A), (16)

wherexele,1—¢€landt e [Ty, T].
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In (15) and (16), the constants C; depend on the partition parameter N. Consequently, when letting
N tend to oo, we cannot obtain

C1Capg_1(A) <P {UX({t} x [€,1—€]) N A £} < Crit5_1(A),
C3Capy_o(A) < P {US([To, T1 x (x}) N A £ 0} < Casta_2(A),

where U® := lim U in some sense is a formal notation. This reveals the differences between the

—00
cases N =00 and N < oo. A similar property also holds for the temporal semi-discretization. For the

temporal semi-discretization based on EEM, we study its hitting probabilities in space direction.

Theorem 2.5. Let0 < € < % and Uy (t, X) defined in (14) be the numerical solution of EEM for system (2). Fix

L > 0. Then for M > 3, there exist C; = C;(M, L, €, Ty, T,d), i =1, 2, such that for any Borel set A C [—L, L]d,
C1Capg_1(A) <P {Un({t} x [€,1— €]) NA £} < Co.7_1(A),

wheret € (. &.....} N[To, T1.

Theorems 2.3, 2.4 and 2.5 reveal that for some Borel sets A, the probability of the event that
paths of the numerical solution hit A cannot converge to that of the exact solution. More precisely,
by Frostman’s theorem ([19, Appendix C, Theorem 2.2.1]), for any compact set A C R¢,

dimy(A) =sup{s > 0: % (A) = oo} =inf{s > 0: 5% (A) =0}
=sup {s > 0: Capy(A) > 0} =inf{s > 0: Caps(A) =0},
where dimyg(A) is the Hausdorff dimension of A. Therefore,

Capdfqexact (A)>0, Vd<dimy(A)+ Qexact.

and

. 1
TG (A)=0, Vd>dimy(A)+ 3 Qexact-

1
5 Qexact

Let a random field X satisfy (1) with Q = Qexact, and a sequence of random fields {X"}n>n, with
some ng € N satisfy (1) with Q = %Qexm. Then for any bounded Borel set A ¢ R? with dimy(A) €
(d — Qexact, d — %Qexact)v it holds that

P{X"(DNA#p} < CHG_1 QA =0, YN =no,
P{X(I)NA#W} > CCapy_q .o (A) >0,
which indicates that
lim P{X"(DNA#B}=0<P{X(I)NA#7}. (17)
— 00
Proposition 2.2 shows that for the exact solution u of system (2), the critical dimension QL =4 in

time direction and the critical dimension QZ,.. =2 in space direction. Taking X =u and X" = U" (or
X" =U,) in (17), the following results follow from Theorems 2.3, 2.4, and 2.5.

Corollary 2.6. For any bounded Borel set A ¢ RY with dimy(A) € (d — 4,d — 2),
IJmeP {UN([TO, TIx{xhNA# (ZJ} =0<P{u([To, T] x {x}h) NA#0},
and for any bounded Borel set A C R® with dimy(A) € (d —2,d — 1),
Mli_l)noo]P’{UM({t} x[e,1—€e)DNA#£P}=0<P{u({t) x[e,1—€)NAF#J}.

8
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For example, for d =3 and each y € R3, dimy({y}) =0 (see e.g., [15, Example 2.2]), and hence 3 =
d e (dimy({y})+2, dimy({y}) +4) = (2, 4). Thus, for fixed x € [€, 1 —¢€], all points y € R? are nonpolar
for u(-, x) but polar for the spatial semi-discretization UN (-, x). From Corollary 2.6, we conclude that
there exist some Borel sets A such that the probability of the event that the paths of the numerical
solution hit A cannot converge to that of the exact solution when the stepsizes vanish.

3. Proofs of main results

In this section, we present the proofs of main results in subsection 2.4. We first present in Propo-
sition 3.1 the criterion about hitting probabilities of a general Gaussian random field, which is a
reformulation of [1, Theorem 2.1] and [9, Theorems 2.1 & 2.6], and will be applied to prove the hit-
ting probabilities for the numerical discretizations. For a set I € R™, we denote I? := Uy¢/{x e R™:
lx — y|| <38} the §-neighborhood of I.

Proposition 3.1.Let | = [a, b] := ]_[’]T':1 [aj,bj] (aj < bj) be an interval or a rectangle in R™ and X =
{X(x), Xe ]R’"} be an R4-valued Gaussian random field with coordinate processes X1, ..., Xq being indepen-

dent copies of a real-valued, centered Gaussian random field Xo = {Xo ), xe R™ } Assume that the following
conditions (C0), (C1) and (C2) (or (C2)") hold:

(CO) for some 8 > 0, E|Xo(x)|? > c1 holds for any x € I%;
(C1) there exists H= (Hq, ..., Hp) € (0, 11" such that forall x, y € I,

m m
2> [xj =y <E X — Xow P <3 Y |xj— v
j=1 j=1

(C2) H € (0,1)™ and there exist c4, > 0 such that forany x, y €1,

[EIX0@P ~ EIXo)P| = ca 3 [x; — vy 7, (1)
j=1
Corr(Xo(0, Xo() <1, Vx#: (19)

(C2) H=(1,...,1) and there exists positive constant c4 such that forall x, y € I,
Var (Xo(®)|Xo(y)) = callx — y|I>.

Here, cj, i =1, 2,3, 4, are independent of x, y, and Var (Xo(x)|Xo(y)) denotes the conditional variance
of Xo(x) given Xo(y). Then for fixed L > 0, there exist positive constants cs, cg such that for every Borel set
Ac[-L, L),

c5Capg_q (A) < P{X(DNA#M} <ceHg_q(A), (20)
where Q :=}"1_; 1/Hj.

For the sake of completeness, we give the proof of Proposition 3.1 in Appendix A.2. We remark
that the right side of (C1) implies that there exists c; > 0 such that

m
EIXo@ <2c3 ) x| + 2E[X0 (@) <c7, Yxel. (21)

j=1
We would like to mention that for Gaussian random fields, (C0) and the upper bound in (C1) suffice
to derive the upper bound in (20), and the lower bounds in (C1) and (C2) (or (C2)') are used to

deduce the lower bound in (20). For the case of H=(1,...,1) € R™, the following facts are helpful
for estimating the conditional variance in (C2)’:
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If (Y, Z) is a centered Gaussian vector, then

<E|Y — 212~ (VEIVE - \/W)z) ((JW+ EIZP) ~ElY - Z|2)

4E|Z)?

Var(Y|Z) =
(22)
By [14, Proposition 3.13], (22) has another equivalent formulation:

VarYVar Z — Cov(Y, Z)?
Var(Y|Z) = — . (23)

3.1. Proof of Theorem 2.3

Based on Proposition 3.1, we only need to prove that the numerical solution vV of the spatial dis-
cretization of FDM satisfies (C0)-(C2). The following lemma is instrumental for deriving the optimal
Holder continuity of v (¢, x) with respect to x € [€, 1 — €].

Lemma3.2. et 0 < € < % and N > 14. Then for any x, y € [, 1 — €],

le1(x) —e1 (V)1 + le2(x) — ex(M)12 = c(e)|x — yI?, (24)
leN(x) — e} (12 + led () — el (W2 = c(e, N)x — yI%, (25)

where c(€) and c(€, N) are positive constants.

Proof. Without loss of generality, we always assume € <x<y <1—e€.
The proof of (24) is divided into two cases.
Case1: x+y €[2¢,1 —€]U[1+¢€,2 — 2¢€]. Notice that 2¢ — 1 <x — y < 0. Therefore,

| sin(rx) — sin(r y)|? = 4 cos? (n(xz—i- y)) sin? (n(xz— y)) > 4sin? (%) Ix — y%,

because 2 < 1% <1 holds for all 6 € [-Z,0).
Case2: x+y €[1—¢€,1+¢€]. In this case, we have |cos(m(x+ y))|>cos(mre) and e —1 <x—y <O0.

This implies that |sin(w (x — y)) | > %—:;”;ﬂx — y|, and hence

|sin(2x) — sin2 y)|? = 4cos? (7w (x + y)) sin? (77 (x — y))
sinz(n(l—e))| e
a-e2 7

Combining Case 1 and Case 2, the proof of (24) is completed.
We now turn to the proof of (25). Recall that e{", i=1,2, defined in (11) is the linear interpolation
of points {e;(j/N), j € Zn+1 U {0}}. We split the interval [€,1 — €] into

L U N N UL IO LA BTNy
"2 N 2 N2 N 2N —ATE A2 A

For N > 10, A, C [}l + %, % — %]. Without loss of generality, we also assume N > ﬁ (when

> 4c052(ne)

N < ﬁ A3 = A1 =, thus it suffices to consider the case of x, y € A2).

If x, y € [x_1, %] for some | € Zpn1, then
-1 l .

eil — ) —el=])|,i=1,2,
N N

10

leN (x) —eN(y)| = N|x— y|

which along with (24) implies that
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e} (%) — e} (V)] + e (x) — ey (N = c(e)|x — y.

Hence, it remains to prove the case of x € [x;,x111) and y € (xm, Xm+1] for some [ <m, ie., X is the
largest grid point smaller than or equal to x and xp+1 is the smallest grid point greater than or equal
to y.

(a) x, y € A1. Notice that e (x) = +/2sin(;rx) is monotone increasing on [0, % — ﬁ] with derivative
e (x) V27 cos(rx) € [v27 sin (J5) , ¥/27]. By the mean value theorem, we have for any z3,z; €
[0 2N] with z1 < z»

L (T
e1(z2) — e1(z1) > /27 sin (m>(22_zl)_ (26)
The monotone increasing property of e; on [0, %] implies that el is also monotone increasing
on [0,1 — L]. Hence, for 0 <x <X < X411 <Xm <y < Xm41 < 5, it holds that e} (y) > el (xy) >
el (x41) > el (x), and thus

e ) — e () =el () —el ®
= (eﬁV (x141) —eY (X)) + (eﬁV (Xm) —eY (Xl+1)) + (e{V () —el (xm))

= Negsr =0 (er(ian) —e1 () + (e1Gm) — e1Gx41))
+ N =) (1 Gons) — €1 0om)).

where in the last step, we have used (11), x € [x;,X/+1), and ¥ € (X, Xm+1]. If N is odd, then the

relations y < 3 — 1 <1 — L ==l and y € (xm, xm411 imply xmi1 < Bzt = 3 — S5 If N is even, then

N
N
y<31— Lt =2— implies xni1 <1 — &. Thus, we have 0 <X <X <X 11 <Xm <y <Xmp1 < 3 —

which together with (26) gives

L
2N’

€100 — e (1)1 = Nxig1 =00 (e1 (ki) — e1(x)) + (1 (o) — e241))
+ Ny = xm) (e10ims1) — €1 (em) )
> (Xip1 — 0N21 sm( ) +2m sm( N) (Xem — Xi11)
(7 — X))V 271 sin (%)
_fnsln( )Iy—x|

(b) X,y €[ + 5.2 — 5] or x,y € A3. Notice that ej(x) = +/2sin(rx) is monotone decreas-

ing on [§ + 5. 1] with derivative €/ (x) = +27 cos(x) € [—v27, —v27 sin(Z%)], and ex(x) =
V/2sin(2rx) is monotone decreasing on [% + ﬁ, % — ﬁ] with derivative e} (x) = 24/27 cos(2mx) €

[—2v27, —2+/27 sin (%)]. Therefore,

e 1 1
le1z) —er(z)| 2v2wsin (s 1) 121~ 22l Vaize [2+ﬁ 1}, (27)
lea(z1) —e (z)|>2ﬁnsin(z)|z Cnl Vame|is 31| (28)
241 2W42)1 = N 1 215 1,42 4 ZN 4 N

Ifx,ye[%—}—%,%—%], then }1+ﬁ§x1§x<x1+1§xm<y5xm+1§%—%.Thus, similar as

in (a), the monotone decreasing property of eQ’ on [}l + %, % — %] and (28) produce

11
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€5 (0 — e5 (1)1 = e} (0) — e (x| + le) (1) — €5 (em)| + e (xm) — 3 (V)]
>2«/—nsm( )(xl+1—x)+2\/_nsm<N)(xm—x1+1)
+2x/_nsm( )(y—xm)
—2\/—7'[SIH( >|x—y|

If x,y € As, then it follows from x < x < X1 that for odd N, % > '35l due to x> 5 + ¢ >
74 o =t and for even N, x> 1 + & due to x> I + § = &2, Thus, 1th01ds that § + 5y <X <

X <X41 <Xm <Y <Xmy1 <1, which along with (27) glves

leN ) — e} ()] = leY x) — e} ()| + le xip1) — el k)| + lef (xm) — el ()]
. b . T
> \/57'[ sin (—N> (XH_] — X) + \/57[ sin (ﬁ) (Xm —XH_])

+«/_nsm( )(y—xm)
—«/—Jrsm< )|x—y|

() xeA, yehAnlfxe[+ 2.3 — A 1NAL then x,y €[5 + 5. 3 — 551, and (25) holds by
virtue of (b). If x € [€, 4 1y %), then e?’(x) <+/2sin <(‘1l + %)n). Besides, y € Ay := (% — % 5+ N)
implies that e Ny) = «/_sm( (— - %)) > el (x) for N > 14. Hence,

leN (x) — el (y)| = v2sin (n (%—%)) x/_sm<< 23\1)”)
=2+/2cos <<§ - %) n) sin <(% — %) n)
> 2+/2 cos <3?n> sin ((% - %) 71) Ix =y,

since |[x—y| <1 and N > 14.
(d) x € Ay, y € As. In this case, the proof is similar to (c).

(e) x€ Ay, y € As. For x € Ay, el (x) > ﬁmin{sin(Zne),sin(ZT”)} =:co >0, and el (y) < —co.
Hence,

le) (x) — e (y)| = 2c0 > 2co|x — yI.

The proof is finished. O

The condition N > 14 in Lemma 3.2 is only considered for technical reasons and may be not
necessary. Anyway, for a proper approximation, the partition parameter N is always required to be
large enough. Based on Lemma 3.2, we proceed to obtain the optimal Hdélder continuity exponent
of (t,x) — vN(t,x) for SGM or FDM. In view of (10) and (12), we write the discrete heat kernel
associated with FDM or SGM into the following unified formulation

N-1
Gl (%, y) =Y exp(iHHgy vy (), (29)
k=1
where Y = —k?72, @l (x) = ex(x), ¥ (y) = ex(y) for the case of SGM, and AN = —4N? sin? (%n)
o (%) =ef (), Y (y) = ex(kn(y)) for the case of FDM.

12
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Proposition 3.3. Let 0 < € < % and N > 14. Then there exist positive constants C; = Ci(N, €, To,T),i=1, 2,
such that for any (t, x), (s,y) € [To, T] x [€,1 — €],

Cr(lt —sl+Ix =y <EvNe,x) — vV, y)I? < Ca(lt — s| + [x — yI?). (30)

Proof. The proof is separated into three steps.

Step 1: One can check that the discrete heat kernel (29) associated with SGM or FDM satisfies the
following two facts:

(i) the sequence {)‘llcv}keZN C (—00, 0] is strictly decreasing with respect to k;

(ii) for every N > 1 and k € Zy, functions gz),ﬁ", w,f’ :[0,1] — R are uniformly bounded from below
and above by —+/2 and /2, respectively. Moreover,

o) — o ()| <V2mkix—y|, Vx yel0,1].

Then the proof of the right side of (30) is standard by using the above facts (i) and (ii).

Step 2: In this step, we prove the left side of (30) for t =5 or x=1y.

We first prove the left side of (30) for the case of x = y. Without loss of generality, assume that
t > s. Notice that

/ VNN )dy = S, 31)
0

which leads to

t 1
E|vNt, x) — vN(s, x))? = ffmt L(x,2) — r(x,z)|2dzdr+ff|G{V,r(x,z)|2dzdr
0

N

-y / e Nrigl (o2, (32)

k=17

Noticing that for any x € [€, 1 — €], we have g01 x) > gol (€) > 0. This yields that (32) is bounded from
below as

t
E[vN(E,x) —vN(s, 02 > / e N drjpN (x)2 > C(e, T, N)(t —5), (33)
S

which proves the lower bound in (30) for the case of x=y
To prove the case of t =s > Ty, it is sufficient to notice that

t 1
E[vN,x) — vV, y))? = //IGiv,r(x,Z)—G{V,r(y,Z)lzdzdr
00
N—

1

t
Nt_
/ e N dr|gl (x) — g ()12,
=10

and

N ) — PN P + oY 0 — @Y W12 = ce, N)Ix — y2,

by virtue of Lemma 3.2. It follows that

13
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2 t

N—
BV WPz Y [ gl - ol P
k=179

N
P2 _

2

1

— > 1od 0 — @ 1> = (€. To. N)|x — y/*.
2 k=1

Step 3: In Step 1 and Step 2, we have shown that there exist K;, i = 1,2,3,4 such that for any
te[To, T],
Kilx—y? <EWNe,0 — vV e PP < Kalx—y?, Vxyele1—el,
and that for any x € [€,1 — €],
K3t —s| <EvN@, x) —vN(s, x)|> < Kalt —s|, Vi, se[To, Tl

In order to extend the lower bound in (30) to the case of t s and x # y, we consider the following
two situations.

Case 1: If |x — y|? > 2%

4|t — s, then by the inequality (a +b)? > 1a? —b? fora,b e R,
1
EWvN (e, x) — vy 2 SEVY 0 — vV e )P - B y) - vV, y)?

K 2 Kq 2
> —|x— — Kyt —5s| > —1|x—
> 2| Yl 4l |_4| vl

K4 2 4Ky
>— | |x- —t—s
> (| v+ 2 |)

. [ K1 K
zmm{g,{}(v—yﬁﬂr—sb.

Case 2: If 4KT’|X — y|? < |t —s| (assume without loss of generality t > s), then similar to (33), it
4
holds for some C = C(e, T) > 0 that

t 1
ElvN@e, x) — vN(s, y)? z//mﬁr(x, 2)|2dzdr > C|t — 5]
s 0

> Se—si+ Sx—yp)
=) aK, Y Y

C[C CKy )
> — — - —y?).
—mm{z’sm}(l s+ 1x=yl9)

The proof is finished. O

Proof of Theorem 2.3. We will apply Proposition 3.1 with I = [Ty, T] to prove Theorem 2.3. By Propo-
sition 3.3 with x =y, vN(-, x) satisfies (C1) of Proposition 3.1 with H = % For any fixed x € [¢,1—€],

N-1 [
varvNe, 0 =Y [ e Ndrip 02, Ve o.
k=1 0

Thus, VarvN (-, x) is a Lipschitz function with respect to t € [Tg, T], i.e., (18) holds with n =1 and
Xo(-) = vN(-, x). In order to verify (19), it suffices to show that for t, s € [To, T] with t 5,

EvNE, )P EvN(s, x)|? — ’]E[VN(t, 0vN(s, %] . 0, Vxele,1—e€l (34)

14
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Indeed, assume without loss of generality t > s. Then (31) and the Hélder inequality imply
2

E[vN, x)vN (s, x)]‘2 //G{V (X, z)G " (x, z)dzdr

//|G{V_r(x,z)|2dzdr //|G (%, 2)2dzdr
00

<EWNE, 0P EVN s, %2,

IA

where in the last step, we have used t > s. This proves that vV (-, x) satisfies (C2) of Proposition 3.1.
Besides, we notice that for any t > To/2,

t
Varv (e = [ arigl o =
0

MTo _ 1 2
N

. ‘(pl(e)' >0, Vxele,1—el, (35)

1

which implies that vN(.,x) satisfies (C0) with § = To/2. In conclusion, we have shown that vV (-, x)
satisfies (C0), (C1) and (C2) of Proposition 3.1, which completes the proof of Theorem 2.3. O

3.2. Proof of Theorem 2.4

In this part, let vN(t, x) be the numerical solution of SGM for (3). By (23), we have

VarvN(t, x)VarvN (s, y) — Cov(vN(t, x), vN (s, y))2
VarvN(s, y)

var (vV e 0l s, ) =
Based on (35), we proceed to derive the lower bound of Var (vN(t, X)|VN G, y)).

Proposition 3.4. Let vN(t, x) be the numerical solution of SGM for (3). Then for any 0 < € < % there exists
No := No(€) such that for all N > Ny,

varv¥ (¢, x)VarvN (¢, y) — Cov(vN (¢, x), vN (¢, y))* = c(e, N, To)|x — y/?
holds forany x,y € [e,1 —€]and t € [Ty, T].

Proof. Without loss of generality, assume that € <y <x <1 —¢€. Let t € [To, T] be arbitrarily fixed.
First, we claim that for any N > 4,

VarvN(t, x)Var vV (¢, y) — Cov(vN(t, x), vN(t, )2 >0, Vx#£y. (36)

Otherwise, there exist xo # yo (without loss of generality, assume yg < xo) and A9 € R such that
vN(t, x0) = 2ovN(t, yo) a.s. Hence,

—-

1
/I N (%0, 2) — %G 1 (yo, 2)|*dzdr
0

=Z o

1t
/ e 28N dr e, (x0) — hoer(yo)|* = (37)
0

W

=1

which implies that sin(kmxg) = Agsin(kmyp) for all 1 <k < N — 1. Note that sin(;tx) # 0 for any

x € [€,1—€]. Thus, Ag = :1‘2((77[’;‘;)) = 551‘2((}:;;‘;)) provided sin(kmyo) # 0. We claim that under (37),

sin(2m yo) # 0 and sin(37 yg) # 0.

15
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In fact, if sin2wyg) = 0, then sin(2wxg) = 0. This implies xo = yg = % which contradicts with
X0 # Yo. If sin(3 yg) =0, then sin(37xp) = 0. This implies xg, yo € {%, %}. Since yg < X, it holds that
yo =1 and xo = 3. However, this contradicts with 1o = 551‘2((;;2)) = ::;18;;3))

Since sin(2w yg) # 0 and sin(3w yg) # 0, we have

_ sin(7T xg) _ sin(27 xg) _ sin(3xp)
O~ Sin(ryo)  sinmye)  sin(37yo)

By the elementary identities sin(2xg) = 2 sin(7wxg) cos(iwXp) and sin(37wxg) =3 sin(;wxg) —4 sin® (7T xg),
it must hold that cos(;rxg) = cos(r yo) and sin® (1 xg) = sinz(nyg). However, this only occurs when
Xo = Yo since Xp, Yo € (0, 1), and hence (37) does not hold. Thus, we obtain (36).

By denoting

¢ 3 ¢ 3
2.2 2.2
ag = /e_Zk TENdr | e(x), b= /e_Zk TENdr | e(y),
0 0

we rewrite

varvN(t, x)VarvN(t, y) — Cov(v/ (¢, x), vV (¢, y))?
N—1 N—1 N-1 2

-(T#) (T - e
i=1 j=1 i=1

:Zlaibj —ajb,-|2. (38)
By definitions of a, and by, we have

i<j

1
laibj — a;bil® = 2 K7 (0Olei(e;(y) — e;()ei ()12,

where

2i2¢

(e—2n _ -l)(e—ZJTijt _ 1)

N .
KN.(t) = AP

5]

Obviously, 0 < K{Y,-Uo) < 1<{Yj(t) < K{YJ(T) <00, Yt e[To, T]. Notice that

sin(irrx) sin(jmwry) — sin(im y) sin(jmx)
—ain @ +j)7;(><— Y n U= i)i;(Xer) _in @ +j)7;(><+ YU~ i)f;(x —¥

Choose Np := Ng(€) > 2 such that (2Ng — 3)sin(Te) > % + 1 and let N > Ng be arbitrarily fixed. For
any y € [e,1— €], denote y§, :=y + 21\11—73 By (38), we have

(39)

varvN (¢, x)varvN (¢, y) — Cov(vN(t, x), vN(t, y))?
> |an—2bn—1 — an—1bN—2[?

QN-r(x—y) . wx+y) . @N-3Dr@x+y) . 7Cx—y)
5 Sin 3 —SIn ) Sin ) .

> KN_5 n—1(To)|sin

We are going to derive the lower bound of VarvN(t, x)Var vN(t, y) — Cov(vN(t, x), vN(t, y))%, which is
separated into two cases.
Case1: yele,1—¢€) and x € (y, yﬁ,] N (e,1 — €]. We introduce

2N =3 (x—y) i T(x+y) _sin 2N =-3)mTx+y) sin7r(x—y)

fn(x, y) :=sin 5 5 5 5

16
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> sin —(ZN — 3); *=y) sin(;we) — sin Tx=y) (Xz_ y)

> (2N — 3)(x — y) sin(re) — %(x —y.

where we have used 0 <x—y < ﬁ and %z <sin(z) <z, Yz € (0, Z]. Hence, for any N > Ng with
(2Ng —3)sin(re) — 5 > 1,

N y) = x—y),
which implies that
varv/ (¢, x)VarvN (¢, y) — Cov(v/ (¢, %), vV (¢, ¥))* > c(To, N, €)|x — y|%. (40)

Case 2: y € [e,1 —€) and x € (y,1 — €]. By (36) and the continuity of VarvN(t,x) and
Cov(vN(t,x), vN(t, y)), we have that there is ¢ = c(e, N) such that

varvN (¢, x)Varv¥ (¢, y) — Cov(v™ (£, %), vV (£, y))? > ¢ > Ix—yl?. (41)

c
(1 —2¢)?
Combining (40) and (41), we finish the proof. O

Proof of Theorem 2.4. The proof of (16) is similar to that of Theorem 2.3. To prove (15), we set

I=[e,1—¢]. Similar as in (35), for any x € I® with § = $, we have
‘ 3 _ ,—2m2Ty p
VarvN(t,x) > fe—z” D dr|v2sin(rx)? > ————— sin’ (”5) -0,
b/
0

where t € [Tg, T]. This implies that vV (¢, ) satisfies (CO) with § = % Propositions 3.3 and 3.4 show
that vN(¢, ) satisfies (C1) and (C2)" of Proposition 3.1, which completes the proof of (15). O

3.3. Proof of Theorem 2.5

Recall that the numerical solution vj; of EEM for (3) is defined in (13). We begin with giving the
optimal Hoélder continuity of vy (&, -).

Lemma3.5.let0 <€ < % be fixed and M > 3. Then there exist positive constants C; = Cj(e, M, To, T), j =

1, 2, such that for any t; € [To, T},
Cilx—y? <Elvu(ti, x) — vu(ti, Y < Calx —y[>, Yx,yele,1—€l.

Proof. First, it follows from (4), the orthogonality of {ej}]?'ip and the mean value theorem that

ti 1
Elvum(ti. x) — vm(ti, y)I? =//|Gtif[§]&(><, z)—Gti,[é,r[](;t(y,z)Fdzdr
00

i—1 o)
k272 (g
=36t e T Do) — e(y)P
j=0 k=1

i 00

224

52& e KT k22 1x — y)2.
=1 k=1

17
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Since the function x — xe~* is monotone increasing on [0, 1] and monotone decreasing on [1, co),
and f(1)=e~!, we have

[o.¢]
2.2 2.2 2.2
Ze—2k /g Stzkznztst < Z e—2k e 5t2k2n28t+e—1 + Z e—Zk b/ 8[2k27.[28t

k=1 k< ———1 k> ———
“Van2st Var2st
1
Van2st 00

2.2 2.2
< / e X T2 250 dx + [ e X T2 25t dx 4+ e 1.
0

1

Var2st
By the change of variables z = xm /6t
T 17 c
—2x2728tH,2._2 —2724.2
e 2xn8tdx=—/e 2z°dz < —,
0/ TT A/t 4 Vot

where C:= 1 [ e=27°272dz < oo. Therefore, for any t; € [0, T]

i 00
o122 T C
Elvm(ti, ) — vt )P <) 86 Y e 2Tk — y P < o (

-1 2
— te >|x—y| .
j=1 k=1 vt

On the other hand, by the spectral expansion of G and Lemma 3.2,

b1
2
EWM(ti,X)—VM(tiv.V)|2=/f‘Gti,[é]gt(x,l)—Gti,[ﬁl(gt(y,l)‘ dzdr

00
2
o220t L
ZZ/G 2T L0 dr ey (1) — e (y) 2
k=1

> c(e, To, T)x — y .
The proof is completed. O

Proof of Theorem 2.5. We will apply Proposition 3.1 with I =[e€,1 — €] and § = § to prove Theo-
rem 2.5. For any xe I° =[§,1— §], t; € [To, T],

oo G

r JTE

Varvy(ti, X) = 2/e’2”2"2(ti*[§]’3t)dr|ek(x)|2 > csin? (7) , (42)
k=17

with ¢ = ZfOTU e=27°Tdr > 0. This means that vm(t, -) satisfies (CO) of Proposition 3.1 with § = 5.
By introducing
t 7 t 3
ax = /e’ZkZ”Z(t*[ﬁ]‘”)dr ex(x), by = /e’z"znz“’[a’rr]‘”)dr ex(y), ke N,
0 0
and

t t
22 r 2.2 r .
KYi(t) = /6‘2’ T B0 g /6‘21 GO 0 je Ny,
0 0

18
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and repeating the proof of Proposition 3.4, one can verify that

Var v (ti, x)Var vy (ti, y) — Cov(vm (ti, x), v (ti, ¥))* > c(To, €)1x—y|*, VX, y €[€,1—€],

which implies the condition (C2) of Proposition 3.1. In addition, Lemma 3.5 shows that vy(t,-)
satisfies (C1) of Proposition 3.1. The proof is completed by applying Proposition 3.1. O

4. Discussion on continuous versions of time discretizations

In this section, we consider the comparison of the continuous version of time discretization for
the system of linear stochastic parabolic equations (2) and that of the system of linear stochastic
differential equations. It turns out that the continuous EEM numerical solution Uy (t, x) is smoother in
every subinterval (t;, t;+1) than in grid points, which leads to the nonexistence of the lower bound of
the Holder exponent, while the continuous EEM numerical solution of the system of finite dimensional
Ornstein-Uhlenbeck equations preserves the optimal Holder exponent and the critical dimension of
the exact solution.

4.1. Continuous version of time discretization in infinite dimensional case

Interpolation is usually used to extend the numerical solution from grid points to the whole inter-
val. By (13), it is natural to define the continuous EEM numerical solution by

t 1
vM(t,x)://Gt_[#w(x,z)W(dr, dz). (43)
00

In the same way, we obtain the continuous EEM numerical solution Uy (t, x) of system (2). We first
study the Hoélder continuity of vy (t,x) in time direction, which is crucial to the analysis of hitting
probabilities of Up (-, X).

Lemma 4.1. Let v given by (13) be the numerical solution of EEM for (3). Then there exist positive constants
Ci=Ci(To,T,€),i=1,2,suchthat forany0 <tj <t; <T,

C1/ti —t; <Elvm(ti, %) — vm (), %)1? < Ca /ti — t;, (44)

wherex € [e, 1 —€].
Proof. In view of (13) and ¢; < t;, we have

Elvum (i, x) — v (tj. X[

Gi1 tio1
2 2

:/ G216t (X 2) = Gy £15e (X, 2) dzdr+//|Gti_l§J5t(X, z)|“dzdr. (45)

0 0 ti 0

Thus, to prove the lower bound of (44), it suffices to prove that there is C; > 0 such that

i—1 feg1 1
Z//|Gt,._tk(x,z)|2dzdrzC1‘/t,-—tj. (46)
k=i & 0

In fact, by the elementary property /01 |Gr(x, 2)|>dz = Gor(x,x) and Lemma 2.1,
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i—1 e 1 i—1 et
2
/ |G, (%, 2)| " dzdr =) / Gat—tp) (%, X)dr
k=i 0 k=j f,
Lij+1

st SIst / C
>cy > —dr
oy V=t = Vkst ; Jr
_ - 1

k
=C(Vticjt1 — V).
For j=i—1, Jtiiijy1 — Vi =2-1/t—¢tj, and for 1 <j<i—1, Jfti_j1 -/t = 3/ti— ¢

Thus, we obtain (46), which yields the left side of (44). Similarly, using (5) gives

izq b1 1 i1 Bkt
2
/ / |Gty—g (x. 2)| " dzdr <) / Pt -t (X, X)dr
k=j t 0 k=j tk
ti—j
<C ! dr=2C./ti—t
= \/F = i j
0
For the right side of (44), it remains to estimate the first term on the right side of (45). By (4),
tj 1
2
/ / |Gti_[6_rt]5t(x, Z) —_ th_[a_rt]&(x, Z)| dZdT
00

j—1 1 o

=3 [ (e ) R Gt 2 (x)?

m=0 tm k=1

1 tm41 00

j—
22 ¢, 222,
< E § |e—k To(ti—r) _ e—k g (tj—r)|2drek(x)2

m=0¢ k=1

Ij 1
2//|Gt,-—r(X,Z)—ij_r(X,Z)|2dZdr

00

1
<Clt; — tj|2,

where in the last step, we have applied [21, Lemma A1.1 (b)]. The proof is completed. O

The following corollary indicates that }l is the Holder exponent of vy (-, x) but is not the optimal
Holder exponent.

Lemma 4.2. Let the condition of Lemma 4.1 hold and fix x € [€, 1 — €]. Then there exists some positive constant
c3 =c3(To, T) such that forany To <s <t <T,

Elvm(t,x) — vm(s, 0)|* <3/t —s. (47)
However, for any H € (0, %), there is no c4 > 0 such that forany To <s <t <T,
Elvm(t,x) — vu(s, %)% > calt —s]*. (48)
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Proof. Notice that

E|vm(t, X) — vm(s, %)

s 1 t 1
://|Gt,[§%]&(x,z)—GS,[A_r_tw(x, z)|2dzdr+//|G _ bLgt(X 2)|?dzdr
0

00 S
=:A(s,t) + B(s, t).

Since 0 <s <t <T, there is j <i+1 such that t € [t;, ;1) and s € [tj_1, ).

Ifi=j—1, then tj <s <t <tjy1. Similar to the first term on the right side of (45), we also have
A(s,t) < C/t —s, which together with the fact B(s,t) < Cj% < C/t —s completes the proof of
(47).

If i > j, then by Lemma 4.1,

E|vp(t, x) — v (s, x)[?
<3E|vm(t, %) — vum(ti, 012 + 3E|vam(ti, X) — v (tj, 01> +3E[vm(tj, X) — vi(s, %)
<CVt—ti4c/ti—tj+C/tj—s < (2C+cp)Vt —s.

Assume by contradiction that there is ¢4 > 0 such that (48) holds. Fix te [t; + % ti+1) and let
Sp=t— % with positive integers n > &, which ensures that t > s, > t; —|— S —2>t+ %. By virtue of
(4) and the uniform boundedness of {ey}r>1, it holds that

Sp 1
2
A(sn,t)://mt_l&w(x, Z)_Gsn—[ﬁJSt(Xv z)|“dzdr
0 0
Sn 00
<2 Z |e—k2n2(t—[§]at) _ e—kznz(sn—[s—r[]éf)|2dr
0 k=1
Sn 00
Zefzkznz(snf[gfrt]ét)|efl<2n'2(t75n) . l|2dr.
0 k=1

Since for r € [0, sp], Sp — [é]ét >sp—ti > ‘Z—t, and 1 —e ¥ < x for all x> 0, we have

Sn 00
Alsp, t) <2 Ze’kzﬂz%k‘ln‘l(t — sp)2dr < C(T, 86)|t — sn|2,
0 k=1

which indicates that limy_, ‘tA(z" D —0forany 0<H <1.

On the other hand, by (5) and the semigroup property of G,

t 1
B(sn, 1) //|G (%, 2)| % dzdr < (¢ — $0) Page—t) (%, %) £~
)= —t; (X, ={- 2(t—t;) (X, X) = ———e.
n t—t; n (t—t;) Sﬂ(t—ti)
Sn 0
Taking into account t — t; > <, we obtain that lim,_, o lffﬂ‘;)” =0 for any 0 < H < 5. In conclusion,

we have lim W% =0, for H € (0, 7), which contradicts (48). The proof is finished. O
n—oo —n

21



C. Chen, J. Hong and D. Sheng Journal of Complexity 70 (2022) 101634

By (47), we obtain the upper bound for hitting probabilities of Upy (-, x), i.e., for any x € [e, 1 — €],

P{Um([To, T] x {x}) N A # ¥} < CHG_4(A).

However, the nonexistence of the lower bound of the Hélder exponent in Lemma 4.2 prevents us from
deriving the lower bound of hitting probabilities in time direction of Uy (t, x) in terms of Bessel-Riesz
capacity. This implies that the regularity of trajectories of Uy (-, x) is different from that of the exact
solution u(-, x). However, for a system of finite dimensional Ornstein-Uhlenbeck equations, the result
is different.

4.2. Continuous version of time discretization in finite dimensional case

Let {B(t) = (B°(t), B'(t), ..., B(t)),t > 0} be a standard (d + 1)-dimensional Brownian motion on
(Q, F A Fh=0,.P), and Y(O) = (Y (D), ..., Y4(t)) be the solution of the following system
dYi(t) = —AY()dt +dBi(t), t >0, i=1,....d, (49)

where A > 0 and Y!(0) = 0. Obviously, each component Yi(t) is an independent copy of a 1-
dimensional Ornstein-Uhlenbeck process {Y9(t), t > 0} which satisfies

dY%(t) = —AY%(t)dt + dB°(¢t), t > 0, (50)
and Y°(0) = 0. Making use of Proposition 3.1, it is easy to verify that for any bounded Borel set A in
Rd

C1Capy_(A) <P{Y([To, T N A # 0} < C255 2(A)
with Cq, Cy being positive constants depending on Tg, T, d, A.

When we apply EEM to discretize (50) and use the same continuous approach as in (43), the
associated numerical solution is
t
70t = / e M-I qp0(r) > 0.
0
Analogous estimates yield that

C1Capy_o(A) <P {Y([To, T N A # 0B} < Co.75_»(A)

for any bounded Borel set A in RY, where Y is the continuous exponential Euler approximation of Y.
It can be concluded that the continuous EEM numerical solution Y = {Y (t), t € [To, T} for system (49)
preserves the critical dimension of the exact solution Y = {Y(t),t € [Tg, T]}, which is different from
the infinite dimensional case. In fact, this property not only holds for the continuous EEM numerical
solution, but also holds for the Euler-Maruyama method under a proper continuity approach. The
Euler-Maruyama method applied to (50) yields

YP =Y —asty?, +ABY |, ieNy,

1

where ABY = B(ti1) — BO(t;). After rearranging, we have

i1 i

. tj—r
Y2 =3 -2 FAB) = f(1 — 280 1dBO(r), i e N,
k=0 0

Naturally, we define the continuous Euler-Maruyama numerical solution for (50) by
t
a3 =/(1 — 305 dBO(r), t>o0. (51)
0
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Proposition 4.3. Fix L > 0, §t € (0, %). Let V(t) = (71(0, ce ?d(t)) be the continuous Euler—-Maruyama
numerical solution for system (49). Then there exist positive constants C; = Cij(To, T, d, A), i =1, 2, such that
for any Borel set A C [—L, L],

C1Capy_2(A) <P {Y([To, TD NA# 0B} < Cr7_2(A).

The proof of Proposition 4.3 can be found in Appendix A.3. In general, the hitting probabilities
of continuous versions of numerical solutions depend on continuity approaches. If we consider the
linear interpolation of the Euler-Maruyama numerical solution {Yl.o, ieN,},

~ ti—t t—t
Yo(t)z'a—tY{’,l +

3;71 Yio, te(ti—1,ti), ie Ny,

then it can be verified that for some C > 0,
EY°t) —Y°(s)P <C(t—s), VT >t>s>To.

However, we cannot obtain the existence of ¢ > 0 such that

EIY°t) —YOs)2>c(t—s), VT>t>s>To. (52)

Actually, for any ty; <s <t <tmt1,

(t—s)?

w07 EIY0(tiv1) — YOt P < CGt, T, 2)(t —5)?,

EIY't) - Yos))2 =

which contradicts with the lower bound in (52). Therefore, the linear interpolation may not be a
proper choice to inherit the critical dimension of the exact solution.
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Appendix A

A.1. Proof of Lemma 2.1

62 62
Using (6), we have G¢(x,x) > (1 —2e™ 7 )P¢(x,x) = \/%m(l — 2e~ ©), which gives that
Ge(x,x) > ! (1 2e’$)> ! Vxele,1—¢€], te(0,ce]
t(X,X) = At Z S Jant ) ) , Cel,

where c¢ ;= min{%, T}. It follows from (4) that G¢(x, x) > 20T sinf(me) =: ¢, V (t,x) € [ce, T] X
[€,1 — €], which indicates

Ge(x,X) >c> \%ﬁ VY (t,x)€[ce, T] x [€,1 —€].

The proof is completed by choosing C = min{c,/cc, ﬁ}.
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A.2. Proof of Proposition 3.1

The proof of Proposition 3.1 is divided into two steps.
Step 1: We prove that (C0), (C1) and (C2) implies (20), which is mainly based on [1, Theorem 2.1].
In view of [1, Theorem 2.1], it suffices to prove that (C2) implies the following lower bound:

m
2H;
var (Xo@)|Xo(y)) Z ca ) [xj —y;|77. Vxyel (A1)
j=1
From (21), (C0) and (22), we obtain that for any x, y € I

Var(Xo(x)[Xo(¥))

2
<E|xo(x) ~ XoW)P = (VEXe@P — VEXo)P) ) (4c1 = EIXo®) — X))

> A2
> s (A2)
We introduce the set
- 2H; 301 2c102
I::{x, elxI: xi—yil”7 <=, and max |x |2Hjn —}
1 x,y) ;‘] y]’ < s o |] y]| < Cim
and I :=1 x I — I1, and divide the proof of (A.1) into two cases.
Case 1: (x,y) € 1.
By the upper bound of (C1), we obtain that for (x, y) € I,
= 2H
4c1 —E[Xo®) — Xow)* =41 —c3 ) _|xj—y|" 7 =1 (A3)
j=1
Making use of (18) leads to
IE|Xo(®)|* — E[Xo(y) | G v Hj(+
’\/IEIXO(XNZ ~VEXo)P| = _ <Y -y
VEIXo@I? + VEXo? ~ 2vVa 5
(A.4)

Substituting (A.3) and (A.4) into (A.2) gives

ci <E|xo(x) — Xo)P? — 4+

4cy

er (e by = v = B s by = 07

4cy

) 2
L by - w0
Var(Xo(x)|Xo(¥)) =

>

)

thanks to the lower bound of (C1) and the Hoélder inequality. Then an elementary calculation by using
max; <j<m xj — ¥ 121 < 225 implies
4

Var(Xo (%) Xo(y) >—Z! 5=yl

Case 2: (x,y) € 1.
. 1
In this case, it holds that 3", [x; — yj|2Hf > min { % (ZCC;—’;Z) i } =: cg. Making use of the identity
4

(23) and the Holder inequality, we see that
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Var(Xo(x)|Xo(¥)) >0, Vx,yel.

Taking (19) into account, it holds that for x # y,

Corr(Xo(x), Xo()y E[Xo() Py E|Xo ()2 =Cov(Xo(x), Xo(») <y EIXo( Py ElXo ()12,

which in combination with (23) indicates that Var(Xo(x)|Xo(y)) > 0 for x # y. Noticing that (x, y) >
Var(Xo(x)|Xo(y)) is a continuous function on the bounded closed set I, we deduce that

Var(Xo(®)| Xo(¥)) > c10, Y&, y) €l

for some cq¢ > 0. By the boundedness of I, we conclude

m
var(Xo(®|Xo(y) = 1 Rz D lxi =y

max i1 |Xi—Yi i—
x,yelzl*l | iTYi =1

m
> Z X -y, vy el

which completes the proof of (A.1) for Case 2.

Step 2: We prove the implication (C0), (C1) and (C2)' = (20), which is similar to that of [24,
Theorem 5.10 and Theorem 5.11] (see also [9, Theorems 2.1 and 2.6]). We present a sketch proof here
for the completeness.

Similar to [24, Theorem 5.10] or [9, Theorem 2.6], for the upper bound of (20), we need to verify

(i) infyex E|Xo(x)|? > 0, for any compact subset K c I® with some § > 0.

(ii) For any € > 0 small enough,

// (IIX(X) X(y)”>dydx <cetm,
llx =yl

where R‘S ]_[, L, Gi+1De), j= (i, ..., jm) €Z™, and R*’" N1+#@ (see [9, Theorems 2.6]).
Property (i) follows from (C0). Now we are devoted to the proof of property (ii). By the upper
bound in (C1) with H=(1,...,1), it holds fori=1,...,d,

IXi(x) — Xi(y)| [Xi(x) — Xi(y)]
lx =yl _«/—w/E|X(x) XiyP2

Let Ay y be the covariance matrix of the Gaussian random vector X(x) — X(y), i.e,,

Axy =diag (EIX1 (0 = Xi 0P, - EIXe(0 = XaW)I?).

_1
because X;,i € (1,...,d} are mutually independent. The law of the random vector Z := A, ; [X(X) —
X(y)] is the normal distribution A/(0, I4). As a result,

// (Ix(x) X(y)ll)dydx <// ef||zu]dydx<cgzm
X —yll

é‘Ré‘

which proves property (ii).
Similar to [24, Theorem 5.11] or [9, Theorem 2.1], for the lower bound of (20), we need to verify
(iii) For any x € I, the density function z — px(x)(z) of X(x) is continuous and bounded. Moreover,
Pxx)(2) > 0 for any z on a compact set of RY:
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(iv) For any x, y € I with x # y, the density py y of the law of (X(x), X(y)) exists and satisfies: for
any fixed My > 0, there exist ¥, o > 0 such that %(y —m)=d— Q with Q =m, and

p (Z ;‘)<Lexp<_M>
PR k= ylly Ix—yll* )’

for any z, ¢ € [~Mj, Mq]¢, where C, c are positive constants independent of x, y.
Let Ay be the covariance matrix of the Gaussian random vector X(x), i.e.,

Ay = diag (]E|X1 2, ... E|Xd(x)|2) — diag (E|Xo(x)|2,...,]E|X0(x)|2) .

It follows from (CO) that Ay is positive definite, which together with the fact that X(x) is Gaussian
with mean zero and covariance matrix Ay, indicates property (iii).

It remains to show property (iv). For x, y € I, denote oxy := Cov(Xo(x), Xo(¥)). Since (Xo(x), Xo(¥))
has a Gaussian distribution with the covariance matrix

S Oxx Oxy
XV T o oyy |’
yx yy

by [14, Proposition 3.13], the conditional distribution of Xq(x) given Xo(y) = ¢o is

N (nyay’yl 20, Yxy) » with yxy 1= oxx — axyay’yl Oxy- (A.5)

By (23) and (C2)’, we have that for x # y,

Vxy = Var (Xo®)|Xo(y)) = callx — y|* > 0. (A6)

Define the bilinear function on R x R by
(a,b), = ayxj,lb, Va,beR.

Then the symmetry and positivity of yx}l ensure that (-,-), is an inner product on R, and the
norm induced by which is denoted by |- |.. Applying the elementary inequality —|a — b|£ < —%|a|i +
Ib|2, ¥V a,b e R?, it follows from (A.5) that

1 1 1. 12
Z =——6€X — =120 — OxyO
x|y (Z01¢0) v P( 3 |20 — oxy0, §o|*)
2 (A7)

<¥ exp —1|ZO — o2+ ! ‘(1 -0 07])50’

B N A R
where qyjy(:|¢) is the density of J\/(cr,(yay‘yl 0, Yxy)» 1.€., qxjy(-|0) is the conditional density of Xg(x)
given Xo(y) = ¢o. Using (A.6),

_ 2 _ _ _ 2

|1 = 0owy0,,00[, <5t Ix— Y172 (1 = owyo,, )0
Furthermore, by (CO0), for any ¢y € [—M1, M1],

_ 2 _ 2 _ 2

|1 —oxya5,)%0| " =0y, (0xy — oyy)00|” < 72 M7 oy — ayy

Taking (C1) and (21) into account, we have
9 2
o = o [* = [EX00 X0 ()] — EXo) |
<E[Xo) — XoW P ElXoW)|* < cse7llx =y,
and thus |(1 — axyo;yl)go‘z <C.
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In view of (C1), (21), and the Hdlder inequality,

2
0 < E[Xo(0) — Xo()* — (\/EIXO(X)IZ - \/EIXO(J/)|2> <cslx—yl?,

2
0< <\/]E|X0(X)|2 +\/E|XO(J’)|2> —E[Xo(x) — Xo(y)I* < 4c7.
which along with (22) and (CO0) give
dcscrllx— yl?  cscqllx — y|?
461 o (o8] '

Thus, it holds that |zo — fol? = ZE IIx — ¥l 7120 — tol* = Clix — y[| 7|20 — G0

Gathering the above estimates together leads to

Yxy = Var (Xo(X)[Xo(y)) <

1 Clzo—¢o®> 1 C 20 — ol?
exp(_ |20 Col2 +—C)S exp(—C' 0 §0|2>7
V2meallx =yl 4llx =yl 2 Ix— vl lx— vl
for any zg, {o € [—M, Mq]%. Let (xo(y) be the density of Xo(y). Similar to property (iii), gx,(y)(%o0) is

uniformly bounded for all y € I and ¢y € [—M7, M1] since by (C1), x E|X0(X)|2 is continuous on 1.
Hence, we have that the density gy, of (Xo(x), Xo(y)) satisfies for all (2o, ¢o) € [-M1, M1)?,

dxly (20l¢0) <

C |20 — Colz)
20, o) = 201¢0) < —— exp [ —C 2220 ) A8
Gx.y(20. §0) = qx,(y) (§0)qx1y (20120) T D( e (A8)

Since X; i=1,...,d, are independent copies of Xo, it follows from (A.8) that the density py, , of

(XX, X(y)) = (X1(¥), ..., Xa(), X1(¥). ..., Xa(¥))

satisfies for any z= (z1,...,2¢) and ¢ = (&4, ..., &g) in [—M1, M9,

d C Lz - gl
Px,y(2,¢) =l_[‘Jx,y(Zi7§i) < ——exp _CZ m

_ d
1 Ix— yll -
C z—¢|?
_ dexp(_cn an),
Ix—yll Ix—yll
which proves property (iv) with y =d and o = 2.
A.3. Proof of Proposition 4.3

By (51), Itd’s isometry gives
To

t 2
E|YO(t))? =/(1 o025 dr > /(1 — a2l
0 0

T+Ty/2 T T
- 1dr > 0, Vte[70,T+7O],

and for s <t,
t S
EIY(t) — YO(s)|? :/(1 — st 5 dr + / 11— sl — (1 — ast)l'5 1 2dr.
s 0

Since 1 — A8t € (0, 1), we have that for any To <s<t<T,
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T-T, _r
(1— a2t —5) < /(1 — 8025 dr < (t — )
and

/|(1—A8t) 51— Al 2dr</(l—k8t)2 11— 28025 dr

S
5/1 (1= a2 gy = . (A.9)
0

The estimation of J is divided into two cases.
Case 1: t — s > 6t.
It holds that [51] — [57] < 5 — 55 +1 <252, Vre(0,s). This implies that

B 4(t=s)
d
js[]—(l—wt) dr=s / —E(l—)\at)“da
0 0
43
¢ 1 1 4t—s)
= 1—2A8t)%1 d 1 C(8t, T, )(t —s).
S/( ) 0g T dasslog—e———= @t T,M)(E—5)
0

Case2: 0 <t —s < ét.
Note that s € [ty, tm+1) for some 0 <m < T/8t. Then

N t—ot 56 t—mét s—mét
= / / / +-+ / +
t—8t  s—8t  t—268t s—mét  max{0,t—(m+1)3t}
max{0,t—(m+1)5t}
+ / 1—(1— 28025 =25 1gr,

0

Notice that for i € {0, 1, ..., m}, we have [ "= [ ] =i, Vre(t— @i+ 1)dt,s —iét). Therefore,

m t—ist  max{0,t—(m+1)5t}
I=> / + / 1— (1= 20271205 gr
=15 "5 0

§(m+1)(t—s)§(£+l>(t—s),

where t — (m + 1)ét <t — s is used. Combining Case 1 and Case 2 yields ] < C(T, 8t, A)(t —s).
Similar to the proof of (34), we also have for t #s,

E|Yo(O)I*E|Yo(s)]> — [E[Yo()Yo(s)]I* > 0

In order to apply Proposition 3.1, it suffices to prove that t — IE|70(t)|2 is Holder continuous with
exponent Hg > 1/2. Indeed, it follows immediately from the above estimates on (A.9) that
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t s
E|70(t)|2—E|70(s)|2‘: /(1 —mt)z[%r]dr—/(l — 80205 — (1 — asn)2 5 dr
s 0
<{t-s5+J

< C(T,ét, )t —>5s).
Finally, we complete the proof by applying Proposition 3.1 with [ =[Tp, T] and 6 =To/2. O
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